Abstract -We investigate classification and detection of entanglement of multipartite quantum states in a very general setting, and obtain efficient k-separability criteria for mixed multipartite states in arbitrary dimensional quantum systems. These criteria can be used to distinguish n − 1 different classes of multipartite inseparable states and can detect many important multipartite entangled states such as GHZ states, W states, anti W states, and mixtures thereof. They detect k-nonseparable n-partite quantum states which have previously not been identified. Here k = 2, 3, · · · , n. No optimization or eigenvalue evaluation is needed, and our criteria can be evaluated by simple computations involving components of the density matrix. Most importantly, they can be implemented in today's experiments by using at most O(n 2 ) local measurements.
Introduction. -Quantum entanglement is a new quantum resource for tasks that cannot be performed by means of classical resources, and has widely been applied to quantum communication [1] [2] [3] [4] [5] [6] [7] [8] and quantum computation [9, 10] . So, it has theoretical and practical value to study the separability of quantum states.
There is a substantial bulk of work for bipartite systems, in particular for the case of qubits. Many well-known (necessary) separability criteria have been proposed to distinguish separable from entangled states [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . All these criteria work very well in many cases, but are not perfect [24] . The separability problem for multipartite and high dimensional systems is much more complicated, since many different classes of entanglement not only under deterministic local operations and classical communication but even under their stochastic analog occur [25, 26] . Owing to the complicated structure of multipartite entangled states, it is difficult to decide to which class a given multipartite state belongs.
k-nonseparable n-partite state and k-partite entangled n-partite state are different concepts, although 2-nonseparable n-partite state is the same as n-partite entangled n-partite state. Both k-nonseparability and k-(a) E-mail: gaoting@hebtu.edu.cn (b) E-mail: flyan@hebtu.edu.cn partite entanglement can be used to characterize multipartite entanglement. As genuine multipartite entanglement and k-nonseparability are being more and more understood, tools for their detection are beginning to be developed [27] [28] [29] [30] [31] [32] [33] . Separability criteria for two types of multipartite qubit states were presented in Ref. [28] . Gittsovich et al. [29] derived a multipartite covariance matrix criterion detecting multiparticle states that are not fully separable. This criterion allows detection of bound entangled states which are not detected by other commonly used criteria. However, some strongly entangled pure states such as the Greenberger-Horne-Zeilinger (GHZ) states are not detected by the multipartite covariance matrix criterion [29] . Separability criteria to identify genuinely multipartite-entangled mixed quantum states in arbitrary dimensional systems were provided in Ref. [30] . In Refs. [31, 32] , we obtained separability criteria to detect genuinely entangled and nonseparable n-partite mixed quantum states in arbitrary dimensional systems. There were experiments and theory on detecting the various different forms of multi-partite entanglement in noisy W states [34] [35] [36] . By using k-partite entanglement, which is different from k-nonseparability, hierarchies of separability criteria that identify k-partite entanglement were given in [37] .
k-separability provides a fine graduation of states acp-1 cording to their degrees of separability [38] . The detection of genuine k-nonseparability in mixed states is essential. A necessary criterion for k-separability was derived in Ref. [33] . However, it needs O(2 n ) local observables to be implemented in experiment. In this paper, we aim to present powerful criteria to identify k-nonseparable n-partite mixed states in arbitrary dimensional quantum systems. These criteria have the following advantages: First, they can be used to distinguish the different classes of multipartite inseparable states. Second, they can detect many important multipartite entanglement states such as GHZ states, W states, anti W states, and mixtures thereof. Third, they allow us to detect some classes of k-nonseparable n-partite quantum states that can not detected by all previously studied criteria. Last but not least, these criteria can be used in today's experiment in an efficient way as they require at most
+n+1 local measurements to be implemented, at the same time, they are easy computable, no optimization process is needed.
Definitions. -An n-partite system is described by a Hilbert space H that decomposes into a direct product of n subspaces H = H 1 ⊗H 2 ⊗· · ·⊗H n , where the dimension of the Hilbert space H l will be denoted by d l . An n-partite pure state |ψ ∈ H is called k-separable [38] [39] [40] 
where |ψ i Ai is the state of particles j
That is, an n-partite pure state is k-separable, iff it can be written as a product of k substates. An n-partite mixed state ρ is called k-separable if it can be written as a convex combination of k-separable pure states
where |ψ m might be k-separable under different partitions. That is, an n-partite mixed state ρ is k-separable, iff it has a decomposition into k-separable pure states. The individual pure states composing a k-separable mixed state may be k-separable under different partitions. kseparability provides a fine graduation of n-partite quantum states according to their different degrees of separability [38] . In particular, an n-partite state is called fully separable, iff it is n-separable. It is called genuinely n-partite entangled, iff it is not bi-separable (2-separable). In general, k-separable mixed states are not separable with regard to any specific partition, which makes k-separability rather difficult to detect. There exist bi-separable states that are entangled with respect to a fixed bipartition. The following states, being mixtures of states that are separable with respect to some bipartition, still carry some entanglement, i.e. neither it can be written as a mixture of separable states with respect to some fixed bipartition nor as a mixture of fully separable states. Three qubit states
(|00 + |11 ) 13 |0 2 , and
(|00 + |11 ) 12 |0 3 are 2-separable under 2-partition 1|23, 13|2, and 12|3, respectively. Their con-
are mixtures of bi-separable states with respect to different partitions, and therefore bi-separable. However, as can be easily checked, ρ is entangled with respect to each fixed bipartition, that is, it can not be written as a convex combination of bi-separable states with respect to a fixed bipartition.
Before we formulate our separability criteria, an introduction of notations that will be involved in the subsequent sections of our article is necessary. Let P i be the operator swapping the two copies of H i in
and leaves all other subsystems unchanged
is the adjoint or Hermitian conjugate of the operator P i . P tot denotes the operator that performs a simultaneous local permutation on all subsystems in H ⊗2 , that is
The k-separability criteria for n-partite quantum states . -Now, we state our main results:
Theorem 1 Suppose that ρ is an n-partite density matrix acting on Hilbert space
Of course, ρ is a k-nonseparable n-partite state if it violates the above ineq. (3).
Proof.
The proof is similar to that of Theorem 1 in Ref. [31] . To establish the validity of ineq.(3) for all k-separable states ρ, let us first verify that this is true for any k-separable pure state ρ.
Suppose that ρ = |ψ ψ| is a k-separable pure state under a k-partition A 1 |A 2 | · · · |A k , and |ψ = |ψ 1 A1 · · · |ψ k A k .
By calculation, one has
Efficient k-separability criteria for mixed multipartite quantum states in case of i, j in same part, and (4) and (5) gives that
Here we have used ineqs. (4) and (5), and the number m l of elements in A l is at most n − k + 1 because of m l ≥ 1. Thus, ineq. (3) is satisfied by all k-separable n-partite pure states. It remains to show that ineq.(3) holds if ρ is a kseparable n-partite mixed state. Indeed, the generalization of ineq.(3) to mixed states is a direct consequence of the convexity of its left hand side and the concavity of its right hand side, which we can see in the following.
Suppose
as desired. This completes the proof.
The special case of above Theorem 1 is: Corollary Let ρ be an n-partite density matrix acting on Hilbert space H = H 1 ⊗ H 2 ⊗ · · · ⊗ H n , and |Φ ij = |φ i |φ j with |φ i = |x · · · xyx · · · x ∈ H, where the local state of H l is |x for l = i and |y for l = i. Then
If an n-partite state ρ does not satisfy the above ineq. (8), then ρ is not k-separable (k-nonseparable).
Theorem 2. Every fully separable n-partite state ρ satisfies
for fully separable states defined as |Φ ij = |φ i |φ j , with
where the i-th local state is |x i and the others are |x k (k = i). These are 1 2 n(n − 1) inequalities, and violation of any one of them implies nonseparability.
Proof. Note that the left-hand side of ineq.(9) minus the right-hand side of (9) is a convex function of the matrix ρ entries (since the left-hand side is convex and the righthand side is concave). Consequently, it suffices to prove the validity for fully separable pure states, and the validity for mixed states is guaranteed.
Suppose that ρ is a fully separable n-partite pure state, then one has
and
Here |φ = ⊗ n i=1 |x i = |x 1 x 2 · · · x n and |φ ij = |x 1 · · · x i−1xi x i+1 · · · x j−1xj x j+1 · · · x n are fully separable states of Hilbert space H. The combination of above two equalities gives that (9) holds with equality if ρ is a fully separable n-partite pure state.
The special case of Theorem 1 with k = n can be given exactly by taking the sum of all the inequalities in Theorem 2, indicating that the latter can serve as a tighter criterion for n-nonseparability. Theorem 2 is not the particular case of Theorem 1 with k = n.
Our k-separability criteria can be used to distinguish the different classes of multipartite inseparable states and can detect many important multipartite entangled states such as GHZ state, W state, and anti W state efficiently. They can be used for detecting not only genuine n-partite entangled mixed states (k = 2) but also k-nonseparable mixed multipartite states (not k-separable states) (k = 3, 4, · · · , n). Moreover, it indeed detects k-nonseparable mixed multipartite states [for n-qubit states such as W state mixed with white noise, the mixture of the identity matrix, the W state and the anti-W state, and the mixture of the GHZ state, the W state and the identity matrix ] which beyond all previously studied criteria. Theorem 1 in Ref. [31] is the special case of our Corollary above when k = 2 and can only be used to identify genuine n-partite entangled mixed states (k = 2).
Examples. -In this section, we illustrate our main result with some explicit examples. It should be pointed out that our criteria are suitable for any n-partite states. For simplicity, we give the following examples to show the detecting ability of our criteria.
Example 1 Consider the family of n-qubit states For the family ρ (G−Wn) , our criteria can detect knonseparable states that had not been identified so far.
The detection parameter spaces of our k-separability criteria (ineq. (3) ) and that in Ref. [33] for n = 4, k = 3 are illustrated in Fig.1 .
Example 2 Consider the n-qubit state, W state mixed with white noise,
By our Theorem with
then ρ (Wn) (β) is not k-separable. In the case k = 2, ineq.(3) detects W state mixed with white noise, ρ (Wn) (β), for 1 ≥ β > n(2n−3) n(2n−3)+2 n as genuinely n-partite entangled, whereas ineq.(III) of Ref. [30] detects it for 1 ≥ β > n 2 (n−2)
Consider the n-qubit state family given by a mixture of the identity matrix, the W state and the anti-W state
where |W n is n-qubit W state and |W n = 1 √ n (|11 · · · 110 + |11 · · · 101 + · · · + |01 · · · 111 ). For this family, our criteria can detect k-nonseparable states which have previously not been identified. ineq.( * ) in Ref. [33] can not detect genuine n-partite entanglement for the family ρ (W −Wn) . It can not detect both 3-nonseparable and 4-nonseparable states for the family ρ (W −W5) . Fig.2 illustrates the entanglement area detected by our ineq.(3), ineq.( * ) in Ref. [33] and Proposition 2 in Ref. [29] for ρ (W −W3) , respectively. The area detected by our ineq. (3) is the largest.
The detection parameter spaces of our ineq.(3) and ineq.( * ) in Ref. [33] for ρ (W −W4) and ρ (W −W5) are illustrated in Fig.3 and Fig.4 , respectively. The space detected by the former is visibly larger.
Experimental implementation. -In this section, we show that our criteria can be easily implemented in experiment without quantum state tomography and then we give the local observables required to implement our criteria. A local observable is an observable such as L = B 1 ⊗ B 2 ⊗ · · · ⊗ B n , L = B 1 B 2 · · · B n for short, where B l denotes observable on subsystem l, l = 1, 2, . . . , n. Thus, local observables can be measured locally.
Each term on the left hand side and on the right hand side of ineq.(3) can be determined by measuring two observables and a single observable, respectively. These observables determining ineq. (3) [33] and Proposition 2 in Ref. [29] for
Here the red line I represents the threshold given by ineq. (3) in Theorem 1 such that the region above it identifies 3-nonseparable (not fully separable) states. The region above the blue line II corresponds to entangled states (not fully separable) detected by Proposition 2 in Ref. [29] . The green lines i and ii represent the thresholds given by ineq.( * ) in Ref. [33] means of local observables. We give the local observables required to implement our criteria using the same method as [31] . The observables associated with each term (diagonal matrix elements) of the right hand side in ineq. (3) can be implemented by means of local observables, which can be seen from the following expressions |φ φ| = ⊗
Thus, determining one diagonal matrix element requires only a single local observable.
Each term Φ ij |ρ ⊗2 P tot |Φ ij = | φ i |ρ|φ j | of the right hand side in ineq.(3) can be determined by measuring two observables O ij andÕ ij , since O ij = 2Re φ i |ρ|φ j and Õ ij = −2Im φ i |ρ|φ j . Here O ij = |φ i φ j | + |φ j φ i | and
where one can determine the left hand side in ineq.(3) by 2(n 2 − n) local observables.
Therefore in total at most 5(n 2 −n) 2 + n + 1 local observables are needed to test our separability criteria ineq.(3). For any unknown n-partite mixed states, experimental detection of multipartite k-inseparability using our criteria require only O(n 2 ) local measurements, which is much less than using the criterion [33] and quantum state tomography that would require O(2 n ) and (d
n − 1)) local measurements, respectively. Thus, our k-separability criteria can be used easily for experimental detection of multipartite entanglement.
Of course, entanglement witness can be used for experimental detection of entanglement. It is enough to measure only one observable -entanglement witness -in order to detect entanglement in a given state. However, it can not easily be implemented in experiment if it is not decomposed into operators that can be measured locally. Therefore, for the experimental implementation it is necessary to decompose the witness into operators that can be measured locally. In section 6 of Ref. [27] , Gühne and Tóth pointed out: To obtain a good local decomposition requires often some effort, especially proving that a given decomposition is optimal, is often very difficult. For any pure state there exists a witness that requires 2n − 1 measurements, but the robustness to noise may be small. Furthermore, there exist observables, for which the local decomposition requires 2•3 n−1 n+1 local measurements, which means that a local measurement of these observables requires nearly the same effort as state tomography.
Conclusion. -In this paper, we present efficient kseparability criteria to identify k-nonseparable multipartite mixed states in arbitrary dimensional quantum systems. The resulting criteria are easily computable from the density matrix, and no optimization or eigenvalue computation is needed. Our criteria can be used to distinguish the different classes of multipartite inseparable states and can detect many important multipartite entangled states such as GHZ states, W states, anti W states, and mixtures thereof efficiently. They can be used for detecting not only genuine n-partite entangled mixed states (k = 2) but also k-nonseparable mixed multipartite states (not k-separable states) (k = 3, 4, · · · , n). In addition, our criteria detect multipartite entanglement that had not been identified so far and can be used in todays experiments without the need for quantum state tomography: only O(n 2 ) local measurement settings are needed.
